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Let x be an infinite cardinal.

Definition

A set X C [k]" is Ramsey iff there is some H € [k]" such that either
e every X € [H]" isin X or
@ no X € [H]"isin X.

H is called homogeneous for X.
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Generalized Baire Space

Given an ordinal o < k and a set A C «, let
Bao :={X €[r]": X Na=A}

The Ba's form a basis for the standard topology on generalized Baire
space. The topology is too fine, because if kK > w, there is a clopen set

X € [K]" that is not Ramsey (ZFC): using a coloring ¢ : [k]* — 2 with no
H € [k]" satisfying |c“[H]¥| = 1, let X C [k]" be the set of all X whose
first w elements X’ satisfy c(X’) = 1.

How to get a coarser topology? Use the topology generated by sets of the
form
Match(A, B) :={X € [k]" : XN (AUB) = A}

where A and B must be small.

Dan Hathaway (DU) Ramsey Theory on Generalized Baire Space January 18, 2018 3/11



Definition

A pattern is a pair (A, B) such that A/BC kand ANB =0. A set
X € [x]" matches (A, B) iff XN (AUB) = A. Thatis, AC X and
BN X = 0. Match(A, B) is the set of X € [k]" that match (A, B).

Definition
Given A, B C P(k), (A, B) is an (A, B)-pattern iff A€ A and B € B.

Definition
Y (A, B) is the collection of all sets X" of the form

Xo := {X € []" : X matches some (A, B) € Q}

for some set Q of (A, B)-patterns.
A(AB)={X:X,[k]" - X € £(A,B)}.

V.
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Y ([r]<", [£]=") is the collection of all open subsets of generalized Baire
space, and A([x]<", [k]=") is the collection of all clopen subsets. If k > w,
some set in A([]<",[k]<") is not Ramsey.

When A or B is enlarged, (A, B) becomes finer.

Silver: every Analytic set in the topology ¥ ([w]<¥,[w]<*) is Ramsey.

Ellentuck: every Analytic set in the topology ¥ ([w]<%“, [w]=¥) is Ramsey.

Large cardinals imply that every X C [w]* in L(R) is Ramsey.
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|A|, |B| bounded below &

Fix v < k. Every A([x]<7,[k]<7) set is Ramsey. \

Fix v < k. Is every X([x]<7,[k]<7) set Ramsey?

o Is every ¥ ([w1]?, [wi1]!) set Ramsey?

o Is every ¥ ([x]“, []') set Ramsey if  is measurable?
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A = 2.

Assume the Axiom of Choice.

The following are equivalent:

@ « is weakly compact,

e every A([x]?,[k]<F) set is Ramsey,

o every ¥ ([k]?, [k]<") set is Ramsey,

o (Vn € w) every X([]", [r]<") set is Ramsey.
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Using a similar argument:

If x is Ramsey cardinal, then every L ([x]<%“, [x]<") set is Ramsey.

If every X([r]<%, [£]=") set is Ramsey, what kind of large cardinal is k?

If x is measurable, B can have size k:

Let U be a k-complete ultrafilter on k. Then every X([s]<“,P(k) — U)
set is Ramsey.
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When Q C Lor Qe L

Let k > w be a Ramsey cardinal. Let Q C L be a set of patterns. The set
Xo C [K]" generated by Q (in V) is Ramsey.

V.
Theorem

Assume 0% exists. Let x > w be a cardinal. Let Q € L be a set of
patterns. The set Xg C [k]" generated by Q (in V) is Ramsey.

\

Question
Does it follow from large cardinals, or is it even consistent with ZFC, that
for every set Q € L(R) of (Jw1]<*?, [w1]<“?)-patterns, the set Xg C [w1]“*
generated by Q (in V) is Ramsey?

A,
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Thank You!
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