DOMINATING A FUNCTION THAT BLOWS UP
DAN HATHAWAY

ABSTRACT. Fix a real r € R. We show that if g : R — R every-
where dominates the function f(z) = (z — 7)~2, then r € L[g].
That is, r is constructible from the graph of g. This is taken from
the author’s PhD Thesis (Proposition V.14).

1. MAIN THEOREM

Theorem 1.1. Let M be a transitive model of ZF. Let f : R — R
and r € R be such that for each n € R, there is a neighborhood U of r
satisfying
VeeUNM—{r})n < f(z).
Let g : RM — R be in M and suppose
(Ve € BY) f(x) < g(x).
Then r € M.

Proof. Fix f and g as in the statement of the theorem. Let (W, <) be
the poset defined as follows:
1) Each element of W is a pair (C,n) such that C is a closed
subinterval of R and n € w. Furthermore,

(Vz e C)n < g(z)
2) If (C’l,nl), (CQ,TLQ) € W, then (CQ,TLQ) < (C’l,nl) iff
Cy C C] and ny > n,.

Note that (W, <) is well-founded, because if not, then within M there
would be an infinite sequence (Cp,ng) = (Cy,nq1) = ..., and letting
y € (), Cn, we would have (Vn € w)n < g(y) which is impossible.
Since (W, <) is well-founded in M and well-foundedness is absolute,
it is well-founded in V. That is, (W, <) has no infinite paths in V.
Now, assume towards a contradiction, that r € M. We will construct
an infinite path through (W, <) (in V). Assume that we have the path

(Cn,n) =< (Cn_l,n - 1) < .. = (C(),O)

where the elements of the path are in W and assume r € C,, We will

find a C), 41 such that (Cpy1,n+1) < (Cy,n) and r € C,41. Repeating
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this procedure will give us an infinite path through (W, <), which is a
contradiction.
Since r ¢ M, there is some neighborhood U of r such that

VMreUNM)n+1< f(x).

Since U is a neighborhood containing r, fix a closed interval C' C U
of M containing r. Since C' and C, are two closed intervals of M
containing r, define C), := CnNC,. Now Chy1 is also a closed interval
of M and it satisfies

b n+1 g U

e rec(Chi

[ ] n+1 Q Cn
Now

(Vo € Cppr)n+1< fx) < g(x).
Hence, (Cy41,n + 1) is in WM. This is what we wanted to show. [

Corollary 1.2. Fiz a real r € R. Let f : R — R be the function

ﬁ if x #

f) = 0 if x =r.

Let g : R — R everywhere dominate f. Then r € Llg]. That is, r is
constructible from the graph of g.
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